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Abstract
If this article, an elementary kernel-cokernel exact sequence is intro-
duced for A
f
→ B
g
→ C. Some relative sequences and applications are
discussed. This result can simplify some proofs—the indices of Frodholm
operators, Harada and Sai theorem, and the derived couples of exact cou-
ples.
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1 Sequence for composition
Theorem 1 In an abelian category C, if we have the morphism A
f
→ B
g
→ C,
then there is an exact sequence
0→ ker f → ker gf → ker g
δ
→ cok f → cok gf → cok g → 0.
Here δ is the composition of ker g → C → cok f .
1
I suggest to draw this diagram in the following way
B
ker f cok g0
ker g
✻
✻✻
✻✻
✻
++
cok f
✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼
✺
✺✺
✺✺
✺
DD✟✟✟✟✟✟
ker gf //
CC✟✟✟✟✟✟✟✟✟✟✟✟✟✟
A //
DD✠✠✠✠✠✠
C //
✻
✻✻
✻✻
✻✻
cok gf
yy
SS DD✟✟✟✟✟✟✟ oo oo
The proof is not difficult by diagram chasing. I’d like to give a proof using
snake lemma as following
0 // ker f //

ker gf //

ker g //

cok f

ED
BC
GF
@A
//
0 // ker f // A //

B //

cok f

// 0
0 // C

// C

// 0

// 0
cok gf // cok g // 0
The exactness also follows from Wall theorem, which is known more by
topologists, for example, [1] Page 189.
0 **
❄
❄❄
❄❄
❄ 0
++
❄
❄❄
❄❄
ker g
,,
❄
❄❄
❄❄
cok f **
❄
❄❄
❄❄
0 **
❄
❄❄
❄❄
❄ 0
0
??⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
ker gf
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
B
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
cok gf
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
0
??⑧⑧⑧⑧⑧⑧
❄
❄❄
❄❄
❄
0 33
??⑧⑧⑧⑧⑧⑧
ker f 44
??⑧⑧⑧⑧⑧
A 44
??⑧⑧⑧⑧⑧⑧
C 22
??⑧⑧⑧⑧⑧
cok g 44
??⑧⑧⑧⑧⑧
0
Of course, above sequence covers some trivial algebraic conclusions
• If gf is injective, then f is injective; if gf is surjective, then g is surjective.
• If f and g are injective (surjective), then so is gf .
For the diagram
B
g //
  ❅
❅❅
❅❅
❅❅
❅ C
h

A
f
OO >>⑦⑦⑦⑦⑦⑦⑦⑦
// D
We have four kernel-cokernel sequences, it is not difficult to draw them in the
following way.
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Theorem 2 We have the following diagram
0
++
❄
❄❄
❄❄
ker f
--
❄
❄❄
kerhgf
,,
❄
❄❄
kerh
,,
❄
❄❄
❄ cok g
))
❄
❄❄
0 ))
❄
❄❄
❄❄
0
0
??⑧⑧⑧⑧
❄
❄❄
❄❄
ker gf
??⑧⑧⑧
❄
❄❄
kerhg
??⑧⑧⑧⑧
❄
❄❄
cok gf
??⑧⑧⑧
❄
❄❄
cokhg
??⑧⑧⑧⑧
❄
❄❄
0
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
0 55
??⑧⑧⑧⑧⑧
0 33
??⑧⑧⑧⑧
ker g 22
??⑧⑧⑧
cok f 11
??⑧⑧⑧
cokhgf 22
??⑧⑧⑧
cokh 55
??⑧⑧⑧⑧
0
2 Sequence for commutative square
For
A
f //
g

d
❅❅❅
❅
  ❅
❅❅
B
h

C
k
// D
We have two kernel-cokernel sequences, the problem is how they intersect?
Theorem 3 We have the following diagram
0
,,
❄
❄❄
❄❄
ker f
++
❄
❄❄
❄❄
kerk
B ,,
❄
❄❄
❄❄
cok g
,,
❄
❄❄
❄❄
cokh **
❄
❄❄
❄❄
0
H1
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
ker d
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
H2
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
cok d
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
H3
??⑧⑧⑧⑧⑧
❄
❄❄
❄❄
0 33
??⑧⑧⑧⑧⑧
ker g 33
??⑧⑧⑧⑧⑧
kerh
C
22
??⑧⑧⑧⑧⑧
cok f 22
??⑧⑧⑧⑧⑧
cokh 44
??⑧⑧⑧⑧⑧
0
with each braid exact. Where H1, H2, H3 are exact the homology groups of
0→
1
A→
2
B ⊕ C→
3
D→ 0.
The proof is directly by diagram chasing.
In some special cases, the above exact net is very useful to prove the some
results diagram-chasing-consuming.
• When the square is pull-back, then H1 = H2 = 0, so ker f = ker k and
cok f → cok k is surjective.
• Conversely, when the natural map ker f → ker k is isomorphism, and the
natural map cok g → cokh is surjective, the square is pull-back.
• When the square is push-out, then H2 = H3 = 0, so cok f = cok k and
ker f → ker k is injective.
• Conversely, when the natural map cok f → cok k is isomorphism, and the
natural map ker g → kerh is injective, the square is push-out.
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• When k is injective, H1 = ker f . Furthermore, H2 and H3 are exactly the
kernel and cokernel of cok f → cok k. Now the long exact sequence
0→ H1 → ker g → kerh→ H2 → cok g → cokh→ H3 → 0
is exactly the sequence snake lemma claims for the following diagram
ker f // A
f //
g

B
h

// cok f

// 0
0 // C
k
// D // cok k // 0
• When f is surjective, H3 = cokh. Furthermore, H1 and H2 are exactly
the kernel and cokernel of ker f → kerk. Now the long exact sequence
0→ H1 → ker g → kerh→ H2 → cok g → cokh→ H3 → 0
is exactly the sequence snake lemma claims for the following diagram
0 // ker f //

A
f //
g

B
h

// 0
0 // ker k // C
k
// D // cok k
3 Index of Fredholm operator or Herbrand quo-
tient
Let C be an abelian category, if there is a well-defined length function ℓ over
some Serre subcategory (closed under kernel and cokernel), say Cℓ<∞ such that
for any exact sequence in Cℓ<∞,
0→ A′ → A→ A′′ → 0.
we have ℓ(A′) + ℓ(A′′) = ℓ(A). Or abstractly, ℓ is an element in Grothendieck
group of Cℓ<∞. We say an morphism A
f
→ B is Fredholm, if ker f and cok f are
in Cℓ<∞.
For any Fredholm morphism A
f
→ B, we can consider the index (Herbrand
quotient)
ind(f) = ℓ(cok f)− ℓ(ker f).
Using our exact sequence, and the euler characteristic we have
Theorem 4 If f , g and gf are all Fredholm morphisms, then
ind(gf) = ind f + ind g.
4
Note that the proof that the index of composition of Fredholm operators
is the sum of indices is really a hard work in standard books. In functional
analysis, we define the Fredholm operator to be the bounded linear operator
between Banach space with closed image and having finite dimensional kernel
and cokernel. the index of Fredholm operator A is defined to be the
indA = dim kerA− dimkerA∗,
which is exactly dim kerA − dim cokA, see [2] Page 354. But the proof of
ind(BA) = indA+indB there is really hard. When we proved the composition
of Fredholm operator is still Fredholm operator (this part is easy), the proof
can be direct by our more general consequence.
It also works well for the (co)homology of finite groups, since the (co)homology
groups are finite for finite generated module. Here it is efficient to take h(f) =
#(cok f)
#(ker f) rather than additive. Let M be an G-module, consider the norm map
NMG : MG −→M
G x 7−→
∑
gx
we can define
h(M) = h(NG) =
#H˜0(G;M)
#H˜−1(G,M)
.
Here H˜•(G;M) is Tate-cohomology group. In particular, it works very well for
cyclic groups, since now Tate group is cyclic, now we have h(M) = h(M ′) +
h(M ′′) for exact sequence
0→M ′ →M →M ′′ → 0.
See [3] Page 133.
4 A simpler proof of Harada and Sai theorem
In representation of associative algebras, we have the following theorem by
Harada and Sai, which is useful in proving the first BrauerThrall conjecture
c.f. [4] volume one page 139. The proof there is standard, not difficult, but I
will give a direct and simpler proof.
Theorem 5 (Harada and Sai) Let M1, . . . ,M2n be indecomposable module
of length no more than n, if we have a sequence
M1
f1
→M2 → · · · →M2n−1
f2n−1
→ M2n
if each of fi is not isomorphism, then the composition f2n−1 · · · f1 = 0.
We prove by induction that the image of f2m−1 · · · f1 = 0 them are of length
no more than n−m. For m = 1, this is trivial, since it is not an isomorphism.
For general case, consider the half M1
g
→M2m−1
h
→M2m . We have
0→ ker g
∗
→ kerhg → kerh
δ
→ cok g → cokhg
∗∗
→ cokh→ 0
5
• If (∗) is not isomorphism, then imhg =M1/ kerhg whose length is strictly
less than im g =M1/ ker g, so it follows by induction hypothesis.
• If (∗∗) is not isomorphism, then imhg whose length is strictly less than
imh, so it follows by induction hypothesis.
• If δ is isomorphism, then kerh → M2m−1 → im g is an isomorphism, but
M2m−1 is assumed to be indecomposable, so kerh = 0 and im g = 0. Now
M2m−1 is of less length of M2n—otherwise they are isomorphic.
5 Cubic zero and Quartic zero sequences
The purpose of this section is to give a natural way to find why the derived
couple of exact couple is exact.
We say a sequence
(ABC)• = · · · → A1
d
→ B1
d
→ C1
d
→ A2
d
→ B2 → · · ·
is cubic zero if it satisfies d3 = 0.
It is more efficient to write
B
✶
✶✶
✶✶
✶
A
FF✌✌✌✌✌✌
Coo
Denote HXY the homology group at X in the complex made up by X and Y for
X,Y ∈ {A,B,C}.
Theorem 6 We have the following long exact sequence
HCB H
B
C
HAB
// HAC
✵
✵✵
✵✵FF✍✍✍✍✍
✍✍
✍✍
✍
HCA
XX✵✵✵✵✵
HBA
oo
The proof is of course can be done by diagram chasing, but the abstract
proof is not difficult, parallel to the proof of long exact sequence for short exact
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sequence.
HBA
//

HCA
//

HBC

ED
BC
GF
@A
//
cok[A→ B] //

cok[A→ C] //

cok[C → B]

// 0
0 // ker[A→ B] //

ker[A→ C] //

ker[C → B]

HAB
// HAC // H
C
B
Consider we say a sequence
(ABCD)• = · · · → A1
d
→ B1
d
→ C1
d
→ D1
d
→ A2
d
→ B2 → · · ·
is quartic zero if it satisfies d4 = 0. Still we denote HXY the homology group at
X in the complex made up by X and Y for X,Y ∈ {A,B,C,D}.
Theorem 7 (Quartic zero Lemma) We have the following commutative di-
agram
· · ·
++
❄
❄❄
HAB
++
❄
❄
HAD
++
❄
❄
HCD
++
❄
❄
HCB
**
❄
❄
· · ·
HDB
??⑧⑧
❄
❄
HAC
??⑧⑧
❄
❄
HBD
??⑧⑧
❄
❄
HCA
??⑧⑧
❄
❄
HDB
??⑧⑧⑧
❄
❄❄❄
· · · 33
??⑧⑧⑧⑧
HDC 33
??⑧⑧
HBC 33
??⑧⑧
HBA 33
??⑧⑧
HDA 44
??⑧⑧
· · ·
It is efficient to draw it as octahedron
BC
AD
AB
❄
❄❄
❄❄
❄❄
❄❄
❄
✬
✬✬
✬✬
✬✬
✬✬
✬✬
✬
BD
❄
❄❄
❄❄
❄❄
❄❄
❄
??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
AC
kk❲❲❲❲❲❲❲❲❲❲
GG✎✎✎✎✎✎
ww♦♦♦♦
ww♦♦♦♦
CD
??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
SS✬✬✬✬✬✬✬✬✬✬✬
kk❲❲❲❲❲❲❲❲❲❲
✎✎
✎✎
✎
Theorem 8 (Quadratic zero Lemma) Let C be a differential object, assume
d is decomposed into C
e
→ D
f
→ C, with D
f
→ C
e
→ D exact. Then we have the
following long two exact sequences
· · · → H(C)→ ker f → cok e→ H(C)→ · · ·
· · · → H(C)→ cok f → ker e→ H(C)→ · · ·
7
Since firstly, we have the following diagram
· · ·
0 ,,
❄
❄❄
ker f
,,
❄
❄❄
cok e
0 ,,
❄
❄❄
ker f
,,
❄
❄❄
cok e
0 **
❄
❄❄
· · ·
H(C)
??⑧⑧⑧
❄
❄❄
D
??⑧⑧⑧⑧
❄
❄❄
❄ H(C)
??⑧⑧⑧
❄
❄❄
D
??⑧⑧⑧⑧
❄
❄❄
❄ H(C)
??⑧⑧⑧
❄
❄❄❄
· · ·
0 22
??⑧⑧⑧⑧
cok f 33
??⑧⑧⑧⑧
ker e
0 22
??⑧⑧⑧
cok f 33
??⑧⑧⑧⑧
ker e
0
44
??⑧⑧⑧
· · ·
The upper one is zero since it is induced by ef , the lower one is zero by exactness.
Then by direct diagram chasing, we get the desired long exact sequence.
As some readers like, we have the following commutative diagram
· · · cok f
✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯
// ker e
❄
❄❄
❄→H→cok f
✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯
// ker e
❄
❄❄
❄→H→cok f
✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯
// ker e
❄
❄❄
❄ · · ·
C
??⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
// C
??⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
// C
??⑧⑧⑧⑧
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
// C
D
??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
JJ✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔
❄
❄❄
❄ D
??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
JJ✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔
❄
❄❄
❄ D
??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
JJ✔✔✔✔✔✔✔✔✔✔✔✔✔✔✔
❄
❄❄
❄
· · · ker f
??⑧⑧⑧⑧
// cok e→H→ ker f
??⑧⑧⑧⑧
// cok e→H→ ker f
??⑧⑧⑧⑧
// cok e · · ·
6 Derived couple of Exact couple
Now, let us give a “natural” proof, that the derived couple of exact couple is
exact, c.f. [5] page 153. The proof can be directly from elements by elements
check, but there is no evidence why it is true. But as we established in the
previous section, it naturally appears.
Assume we have an exact couple
D
E
α // D
β
✌✌
✌✌
✌✌
γ
XX✶✶✶✶✶✶
It defines an differential object E with δ = βγ. It satisfies the assumption above,
so we have a long exact sequence,
· · · → H(C)→ kerβ → cok γ → H(C)→ · · · .
Since our assumption that it is an exact couple, kerβ = imα = cok γ. We have
a new exact couple now
imα
H(E)
α // imα
β✞✞
✞✞
✞✞
γ
[[✼✼✼✼✼✼
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7 Remarks
In someway, the cubic zero sequence introduced in the article can be viewed
as a analogy of mapping cone, and it satisfies very trivial rotation axiom, it
may form a triangulated structure in someway, the quartic zero Lemma can be
thought as octahedral axiom.
I found this sequence when I was a third year student in university in 2018.
But I did not realize that it is useful to give simplified proofs as we present
in above sections. The original proof (written in standard text book) is not
easy and not direct. I thought a lot of mathematicians do not know this easy
conclusion. I think it may be useful to diffuse this conclusion.
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